Abstract. This is a study of two-dimensional steady periodic travelling waves on the surface of an infinitely deep irrotational ocean, when the top streamline is in contact with a membrane which has a nonlinear response to stretching and bending, and the pressure in the air above is constant. It is not supposed that the waves have small amplitude. The problem of existence of such waves is addressed using methods from the calculus of variations. The analysis involves the Hilbert transform and a Riemann-Hilbert formulation.
Introduction
Regarding water as an inviscid incompressible liquid, we study two-dimensional steady waves that move under the influence of gravity on the surface of an infinitely deep ocean beneath a thin frictionless elastic membrane that responds nonlinearly to bending, compression and stretching. The waves in question are space-periodic and travel with constant velocity without changing shape. Above the membrane there is constant atmospheric pressure and beneath it the fluid is in irrotational motion. We suppose that the two-dimensional cross-section of the elastic surface behaves mechanically like a thin (unshearable) hyperelastic Cosserat rod of zero density, as described by Antman in [3] , Chapter 4. The physical significance of such a problem is evident; for example in the theory of very large floating structures or platforms (see [2] and the references therein), or, possibly, flow under ice. We refer to this as a hydroelastic travelling wave problem.
The mathematical study of these waves began with the linear theory of Greenhill in the nineteenth century [10] , but a detailed analysis, both local and global, of exact nonlinear models has only recently been attempted. In [15] , the problem was formulated variationally and existence was proved, for a limited class of membranes that have infinite elastic energy when the stretching or bending exceed certain fixed values, by maximizing a Lagrangian over a set of admissible functions. Since then the theory of [15] has been extended in di¤erent ways. For example, in [16] membranes with positive densities are included in the theory provided the resulting variational problem is still convex. This convexity is a restriction on the membrane density and on one of the wave-speed parameters in the problem. In [12] , that restriction has been removed, and the general problem of membranes with positive mass was studied, using Young measures to deal with the problem of nonconvexity. In [4] , a detailed bifurcation analysis leads to the existence of sheets of smallamplitude waves.
In the present paper we generalize and simplify the theory of [15] , by proving the existence of steady periodic hydroelastic waves for membranes with zero density when the stored elastic energy remains finite but has power-law growth as the bending or stretching/ compression increases (as is more or less standard in the mathematical theory of nonlinear elasticity). The present approach simplifies and clarifies the process of reducing the existence question for hydroelastic waves, which mathematically is a geometric PDE problem, to the study of a variational problem for two periodic functions of a single real variable. The isoperimetric inequality and classical Riemann-Hilbert theory play important roles in the analysis.
In the rest of this Introduction, we describe the physical problem, summarize the main results and the methods, and discuss the hypotheses on the elastic properties of the membranes under which they are obtained.
1.1. The physical problem. The physical system under investigation was studied in [15] , Section 1.1. We seek waves that are two-dimensional and steady with prescribed period. More precisely, we consider waves such that (i) in three-dimensional space ðX ; Y ; ZÞ, with gravity g acting in the negative Y direction, the flow beneath the free surface is irrotational;
(ii) the Z-component of the fluid velocity is everywhere zero and all components tend to zero as Y ! Ày;
(iii) the Y -coordinates of points on the surface are independent of Z and the surface moves without change of form and with constant speed c in the X -direction; (iv) the flow is 2p-periodic and stationary with respect to axes moving with the wave speed.
Because the membrane has zero density, it is equivalent to study, in a frame moving with the wave, steady 2p-periodic waves for which the speed of the flow at infinite depth is Àc horizontally. In this frame, the intersection of the surface membrane with the plane Z ¼ 0, called the membrane section, is supposed to behave like a nonlinear, unshearable, hyperelastic rod for which the stored energy depends on stretch and curvature. By the reference membrane is meant the line Y ¼ Z ¼ 0 and one period of it refers to a line segment of length 2p. We study waves for which (v) one period of the reference membrane is deformed to become one period of the hydroelastic wave surface.
The unknown region occupied by the liquid is characterized by the kinematic requirement that the surface is a streamline and the dynamic condition that the pressure P in the fluid and internal forces are those required to deform the membrane. Therefore a steady hydroelastic wave with speed c satisfying (i)-(iv) corresponds to a non-self-intersecting smooth curve S in the plane ðX ; Y Þ which is 2p-periodic in the horizontal direction X and for which there exists a solution of the following system: where P has been normalized so that the pressure at infinite depth is hydrostatic. Moreover, suppose that r is the physical deformation that carries a material point x of the reference membrane into its new position rðxÞ. Then, by assumption, the profile frðxÞ : x A Rg of the deformed membrane must coincide with the free surface S of the fluid, and the constraint (v) reads S X f0 e X e 2pg ¼ frðxÞ : x A ½x 0 ; x 0 þ 2pg ð1:1eÞ
for some x 0 A R. In [15] , Antman's treatment [3] of unshearable Cosserat rods is used to derive a formula for the pressure P in (1.1d). Here we simply recall that formula after introducing some notation.
Consider an interval of membrane in its rest position. Its material points are labelled x A ½x 1 ; x 2 . We consider a deformation r that moves any point x to a new position rðxÞ. The stretch of the deformed membrane at the point rðxÞ is then nðxÞ :¼ jr 0 ðxÞj; ð1:2aÞ where 0 denotes the derivative with respect to x. Let QðxÞ denote the angle formed by the tangent to the membrane section and the positive horizontal semiaxis at the point rðxÞ, and let mðxÞ :¼ Q 0 ðxÞ: ð1:2bÞ
Then the curvature of the membrane at rðxÞ iŝ s s À rðxÞ Á :¼ mðxÞ nðxÞ :
We assume that the material is hyperelastic (see, for example, [3] , Chapter 4) with stored elastic energy function Eðn; mÞ (see Section 1.2) of class C 2 . Throughout we denote partial derivatives of Eðn; mÞ as follows:
From the balance law for forces and moments acting on the membrane, it follows (see [15] where PðrÞ is the pressure that is needed to produce the deformation r. Hence the physical deformation r of the material points of the reference membrane enters in the hydroelastic wave problem (1.1d), through the term P. Remark 1.1. At this point in [15] , equation (1.6), nðxÞ was calculated in terms of s s À rðxÞ Á , using equation (1.3a) and the constraint (v). In the present paper we avoid that calculation at this stage. The formula for n will emerge later, in the final part of the regularity proof, see (4.18) . r
The following hypotheses on E are required to ensure the existence of maximizers of the Lagrangian which are su‰ciently regular to satisfy the Euler-Lagrange equation in a classical sense and to yield a solution of the physical problem (1.1).
Hypotheses.
The first hypothesis concerns the storage of elastic energy in the deformed membrane.
(H1) Unshearable hyperelasticity: There exists a stored energy function, Eðn; mÞ f 0; n > 0; m A R; of class C 2 , such that the elastic energy in a segment ½x 1 ; x 2 of material, when deformed by x 7 ! rðxÞ, is
where nðxÞ, mðxÞ are defined in (1.2). The absence of a shear variable (see [3] , Chapter 4) in the argument of E reflects our assumption that the membrane is thin and unshearable. r
The next four hypotheses lead to the existence of a maximizer of the Lagrangian J 0 , using the direct method of the calculus of variations.
(H2) The material response is even with respect to the curvature: Eðn; mÞ ¼ Eðn; ÀmÞ for all n > 0, m A R. r (H3) The elastic energy is minimized when the material is neither stretched nor bent: Eðn; mÞ f 0 ¼ Eð1; 0Þ for all n > 0, m A R. r
The following condition ensures the upper semi-continuity of the functional to be maximized. However, it has a wider significance. For example, in the dynamic theory of nonlinear rods it ensures that the equations of motion are strictly hyperbolic and accordingly have rich wave-like behavior. It is also an exact analogue of the 3-dimensional Strong Ellipticity Condition [11] . By Lemma 3.7 below, (H4) coincides with the convexity assumption in [16] .
(H4) Strict joint convexity:
It is natural to assume that for infinite stretch, compression, or curvature, an infinite amount of energy is required, that is, Eðn; mÞ tends to infinity as n goes to 0 or þy, or jmj goes to þy. The next hypothesis quantifies that assumption.
(H5) Coercivity:
for some positive constants K 0 , K 0 0 , and some exponents r > 1, s > 0, p > 1. r
When the existence question has been settled, we need two further hypotheses. The first is to ensure (Lemma 3.5) that maximizers are non-trivial (do not correspond to the laminar flow with zero elevation). It is satisfied if the wave speed is su‰ciently large.
(H6) For non-trivial maximizers: c 2 > g þ E 22 ð1; 0Þ. r
The second is to ensure that the curves that emerge from maximization are non-selfintersecting (Lemma 3.6) which is crucial if they are to be considered as travelling waves. However (H7) has a further role. It guarantees su‰cient compactness of a maximizing sequence to yield the existence of a maximizer. It involves the isoperimetric inequality and to describe it we need some notation.
For l > 1, let AðlÞ be the area in a circle enclosed between an arc of length 2pl and a chord of length 2p ( Figure 1 ). We note in Lemma 3.3 that which means that our existence result holds for wave speeds in the interval (1.5).
As an example, we consider the case when Eðn; mÞ f SðnÞ þ BðmÞ, and show that the interval (1.5) for c 2 is nonempty provided the growth of SðnÞ for large n, and of BðmÞ on m A ½0; 1Þ, are su‰ciently rapid.
Let b :¼ B 00 ð0Þ and fix M > 0. If the growth of SðnÞ as n ! þy is rapid enough, then there exists n > 1 (depending on M and b) such that 4pSðnÞ
Moreover, since AðnÞ is increasing, 
The remaining four hypotheses are needed to show that maximizers of the Lagrangian yield steady hydroelastic travelling waves. All are conditions about the growth of Eðn; mÞ, and, like (H5), are inspired by the model power-law E F n r þ n Às þ jmj p . The first is an assumption on 'E, which will lead to the conclusion (Lemma 4.2) that the stretch n of the membrane is bounded above.
(H8) For bounded stretch: Since S is convex, S 0 ðnÞn À SðnÞ is strictly increasing in n and so its limit as n ! þy exists. Suppose it is finite, M, say. Then dx e C for all n f n;
for some constant C. But this violates (H5), because r > 1. Hence S 0 ðnÞn À SðnÞ ! þy as n ! þy, and (H8) follows. r
The next condition is to ensure di¤erentiability of J 0 at a maximizer. The strategy for proving Theorem 1.8 is the following. First we define a Lagrangian in terms of the kinetic and potential energies, including the elastic energy of the membrane, in one period of a steady wave (Section 2). Then we use conformal mappings in a variational setting [7] to overcome the di‰culty that the flow domain is unknown (Section 2.1). Next we use the direct method of the calculus of variations to maximize the Lagrangian (Section 3). There are two key ingredients in the existence theory for maximizers. One is Hurwitz's analytical version of the classical isoperimetrical inequality [5] , which is used to control kinetic and gravitational potential energies in terms of the length of a deformed period of the membrane. The other is Zygmund's theorem [18] on the exponential of holomorphic functions on the unit disc, which is used both to recover the non-selfintersection property for the wave profile and to guarantee compactness of maximizing sequences.
Finally the growth hypotheses on the stored energy function lead to a priori bounds for maximizers from which it can be inferred that they satisfy the corresponding EulerLagrange system (Section 4).
This coupled system of equations, for a pair of periodic function of a real variable, involves the Hilbert transform and can be reformulated as a Riemann-Hilbert problem [13] , [14] . Using this observation it is shown in Section 5 that hydroelastic waves arise from maximizers of the Lagrangian. The main results are listed in detail in Theorem 2.4 (Section 2.2), from which Theorem 1.8 follows (see Lemma 5.2 and Proposition 4.8).
This global variational approach has so far been successful in dealing with existence questions when membranes are resistant to both bending and stretching. The present argument does not cover Stokes waves or even waves with simple surface tension.
Illustrative example.
The following is a simple illustration of our hypotheses. It shows that our result is valid even for stored elastic energy functions Eðn; mÞ that include a non-trivial ''mixed term'' of the form jmj a =n d .
Suppose that E is given by
Eðn; mÞ ¼ a s
The coe‰cients of n r and 1=n s are such that the minimum of Eðn; 0Þ occur at n ¼ 1. The constant term Àaðs þ rÞ=sr guarantees that Eð1; 0Þ ¼ 0. Since a and p are not less than 2, Eðn; mÞ is of class C 2 . As a consequence, (H1), (H3) are satisfied. It is immediate that (H2), (H5), (H11) hold and that E 11 and E 22 are positive. If
then the mixed term jmj a =n d is strictly jointly convex, and (H4) follows. Conveniently, (1.9a) also implies (H8). Now (H6) holds provided
To prove (H7) for m Ã A ð0; 1Þ su‰ciently close to 1, it su‰ces to assume that
by Remark 1.2 and the continuity of m 7 ! bm 2 þ bm p at m ¼ 1.
Using Young's inequality (1.7) to control the mixed terms, one can see that (H9), (H10) hold if aðs þ 1Þ þ dp e sp:
Note that this inequality, when (1.9a) holds, is implied by the stronger condition a e pðs þ 1Þ p þ s þ 1 : ð1:9dÞ
as an interval of admissible velocities. A necessary condition for this interval to be nonempty is then
The Lagrangian
Our strategy is to maximize a Lagrangian and to observe that such a maximizer yields a non trivial solution of (1.1) in which P is given by (1.3b). The Lagrangian involves the fluid's kinetic and potential energies, and the elastic energy of the membrane. As in [7] , [12] , [15] , [16] , to deal with the unknown flow domain, it is convenient to formulate the Lagrangian using conformal mappings. However we begin by considering it in its physical context.
The Lagrangian for travelling waves is the di¤erence between kinetic and potential energies in one period, relative to a frame in which the fluid velocity is stationary. Formally suppose that one period of the wave profile S in the moving frame is given by
where Uðt þ 2pÞ ¼ 2p þ UðtÞ; V ðt þ 2pÞ ¼ V ðtÞ:
Let U 2p denote one period of the steady flow below S 2p . Then, in terms of the stream function c, which satisfies (1.1a), (1.1b), (1.1c), where c is given, the kinetic energy in one period is
the gravitational potential energy is
and, by (1.4), the elastic potential energy is
Note that V e does not depend on the number x 0 that appears in (1.1e), because r 0 ðxÞ and s s À rðxÞ Á are 2p-periodic functions. For this reason we fix x 0 ¼ 0 in (1.1e).
Remark 2.1. K and V g are determined by any parametrization of the surface, namely by the shape of S alone, and not by the displacement of the material points x 7 ! rðxÞ of the undeformed membrane S. By contrast, V e depends on both the physical deformation r and on the shape of S. r
The Lagrangian of the travelling waves problem is then
Remark 2.2. K involves the solution c of a Dirichlet problem (1.1a), (1.1b), (1.1c) on a domain which is itself the main unknown in the problem, and V g and V e are integrals on its unknown boundary S. As a consequence, this is not a Lagrangian in the usual sense, since variations in the domain are involved when discussing critical points. In this context we mention a paper of Alt and Ca¤arelli [1] in which a class of variational free-boundary problems that includes the variational principle for K À V g is discussed. r 2.1. The mathematical formulation. In [15] , following the work of [7] on Stokes waves, the di‰culty explained in Remark 2.2 was overcome by regarding one period of the flow domain as a conformal image of the unit disc, the wave surface being the image of the unit circle. Here we use the same technology, and we refer to [13] , [15] for the details. Now, we consider deformations r such that the shape of the deformed membrane, that is the curve frðxÞ : x A Rg, is 2p-periodic in the horizontal direction.
According to constraint (v) in Section 1.1, we assume that r deforms the material points x of any interval of length 2p into one period of the deformed membrane. Following [13] , [15] , we introduce a special parametrization
for the curve frðxÞ : x A Rg, where wðtÞ is a 2p-periodic real function representing the elevation of the wave, and Cw is its Hilbert transform. By [13] , Theorem 2.7, any nonself-intersecting, rectifiable, 2p-periodic curve S in the plane can be represented in this way for some w with w 0 and Cw where
If SðwÞ is non-self intersecting, it follows that (see Appendix)
Note that, in defining the functional J 0 below in terms of w, we are not assuming a priori that the curve SðwÞ is the graph of a function. We will prove that this is so a posteriori, for maximizers (Lemma 3.6). The non-self-intersection property of a curve S, for maximizers, is a key aspect of this problem. r To find a formula for V e , we need a di¤eomorphism w of ½0; 2p to relate the tparametrization of S to the Lagrangian deformation of material points in the reference configuration as follows: wð0Þ ¼ 0; wð2pÞ ¼ 2p; w 0 ðtÞ > 0 for almost all t; and x ¼ wðtÞ for all t A R: ð2:4Þ
In this way, when the surface S is defined by w, as described above, the position rðxÞ of the material point x after the deformation is 
w is a real 2p-periodic function belonging to the admissible set A 0 below, and w belongs to and that this value of a is the one for which the area of the region delimited by the profile SðwÞ and the horizontal axis is 0. In other words, (2.8) corresponds to a law of conservation of the mass. Hence, maximizing J is equivalent to seeking a maximum of J 0 ðw; wÞ :¼ I 0 ðwÞ À Eðw; wÞ (we have dropped the tilde over w), where
with the restriction that ½w ¼ 0.
Remark on I 0 (w). For the existence of the integrals in the definition of I 0 , we need at least that w A H (see the previous remark). In that case, log WðwÞ is absolutely continuous and periodic, and hence there are two positive constants a, b such that 0 < a e WðwÞ e b for a:e: t:
As a consequence, sðwÞ A L 1 2p , since it is the product of a bounded and an integrable function. r
In conclusion, the functional J 0 is well-defined for w in the set
which is a subset of the Hardy space H 1; 1 R .
Remark on A 0 . The condition ½log WðwÞ ¼ 0 is needed for the conformal mappings on the unit disc, which are used in formulating the water wave problem, to be replaced by their boundary values, represented by w and Cw, on the unit circle. In particular, if ½log WðwÞ ¼ 0 for some w A H
it Þ for almost all t, for some holomorphic function W which has no zeros on the unit disc in the complex plane (see [15] 
where p and s are the exponents in (H5). ; w 0 A W k;y ð0; 2pÞ;
0 ; w 0 Þ satisfies the dynamic boundary condition (5.7).
Existence theory
The proof of Theorem 2.4 is divided into distinct parts, and hypotheses are introduced only when needed. We begin by recalling some classical observations.
Technical observations.
Observation 3.1. Among all the curves of length 2pl, l > 1, which intersect the horizontal axis at 0 and 2p, the one that achieves the largest possible distance from the horizontal axis is an isosceles triangle. Therefore, if w A H is uniquely determined (up to congruence) by the requirement that the end-points of a chord of length 2p and the end-points of a circular arc cðlÞ of length 2pl coincide. Let AðlÞ be the area enclosed between the circular arc of length 2pl and the chord of length 2p. Then it is easily seen that Proof. Suppose that this is false for ðu; vÞ and define continuous functions U, V on the interval ½0; 3p as follows. Let ðU; V Þ coincide with ðu; vÞ on ½0; 2p, let À Uð3pÞ; V ð3pÞ Á ¼ À uð0Þ; vð0Þ Á , and let ÈÀ UðxÞ; V ðxÞ Á : x A ½2p; 3p É be an injective parametrization of the arc of the circle with radius rðlÞ which is complementary to cðlÞ. Therefore, by the divergence theorem, Since the proposition is supposed to be false, we find from the definition of ðU; V Þ that
where, by construction, Proof
for z in the unit disc in C if jej < 1, it follows that the usual branch of logð1 þ ezÞ is well defined with log 1 ¼ 0. Therefore, by Cauchy's integral formula,
where S denotes the unit circle. Thus (H6) implies that J 0 ðw e ; w e Þ > 0 for all e 3 0 su‰ciently small. r Lemma 3.6. Suppose that (H1), (H2), (H4), (H7) hold and m Ã < 1 is that defined in (H7) Now we consider
Since w is 2p-periodic and has zero mean, by Proposition 3.4,
because the length of a period of SðwÞ is 2plðwÞ. Integrating by parts shows that
Since wCw 0 À Cðww 0 Þ f 0 almost everywhere (see [14] , Proposition 3.1),
because Cðww 0 Þ has zero mean. From these inequalities and (3.1),
violating (H7). Thus, m < m Ã . Therefore, for every t 1 < t 2 < t 1 þ 2p,
YðwÞ 0 ðtÞ dt À Ð 
By Lemma 3.6 we have that
and the bound is uniform for k A N. Let
Y k ðtÞ and setỸ
We recall Zygmund's Theorem [18] , Vol. I, page 257: If f A L y 2p , then
We apply this result to f ¼Ỹ Y k and we get
for all 0 e q < 1 m Ã :
Since m Ã < 1, in what follows we can fix an exponent q A ð1; 1=m Ã Þ and obtain a uniform bound
e C for all k ð3:10Þ for the maximizing sequence.
By (3.10) and Hö lder's inequality we get a uniform bound for
where here, and more generally in this section, C denotes positive, possibly di¤erent constants. By (3.9), I 0 ðwÞ is dominated by a function of LðwÞ. Then, since J 0 ðw k ; w k Þ > 0, we have a uniform bound for the elastic energy 
By Hö lder's inequality,
Then, by (3.12) and (3.10),
e C for all k; ð3:13Þ
Then, by (3.12) and (3.13), and recalling that
e C for all k;
e C for all k:
It follows that
Thus log W k is an absolutely continuous function and klog W k k y e C for all k. This means that there are two constants C, C 0 such that 0 < C e W k ðtÞ e C 0 for all t and all k: ð3:14Þ Thanks to (3.14), the bound (3.12) yields that
! dt e C for all k: ð3:15Þ Thus, since s þ 1 > g, (3.13) has been improved to say that kw
e C for all k. Then, since w k ð0Þ ¼ 0 for all k, kw k k W 1; sþ1 ð0; 2pÞ e C for all k:1) Also, let , because the di¤eomorphism w k , unlike its derivative w In particular, W k ! W 0 :¼ Wðw 0 Þ uniformly and, as a consequence of (3.14), W 0 is bounded below, so that
and so 
and so, by (3.18) , the pairs ðw 
We note that
as k ! y by (3.11), (3.14) and (3.17). Hence
On the other hand, by the definition of the maximizing sequence ðw k ; w k Þ,
and, since I 0 ðw k Þ ! I 0 ðw 0 Þ, where
for all n. Also, we note that 1 jBj jA n j n e l n e 2 jBj jA n j n ð4:3Þ for all n. We definew w n ðtÞ :¼ Ð t 0 j n ðt tÞ dt t and observe, since l n ! 0 as n ! y, thatw w n A D for all n su‰ciently large. We calculate the di¤erence
where a n :¼ Ð
Since W 0 ðtÞ f C > 0, for all t A A n and for all n su‰ciently large,
where a Ã is defined in (4.2), using (H8). Then, by (4.2) and the fact that E ? 11 > 0,
where f is defined following (4.1). Hence
To estimate b n , we observe that w Thus, by (4.3), a n jb n j > À f ðC 0 =nÞ 2M ! þy as n ! y by (4.1). This implies that a n þ b n f a n À jb n j f a n =2 > 0 for n su‰ciently large, so that Eðw 0 ;w w n Þ < Eðw 0 ; w 0 Þ, contradicting the maximality of ðw 0 ; w 0 Þ for J 0 . r 4.1. The Euler equation for w 0 . Now we prove Theorem 2.4(c). By (3.21), Eðw 0 ; w 0 Þ < y, therefore, by (H5) and the fact that 0 < C e W 0 e C 0 , we know that 
To study the di¤erentiability of the functional J 0 ðw; wÞ with respect to w, we assume (H9). (H9)(a) 
. As a consequence, the functional Eðw; wÞ is Gateaux-di¤erentiable with respect to w, and its partial derivative in any direction w A W 1;y 2p , with w 0 þ w A D, at ðw 0 ; w 0 Þ is
Then the maximizer ðw 0 ; w 0 Þ satisfies the Euler-Lagrange equation for the functional J 0 ðw; wÞ with respect to w, that is In the following, we will denote
To investigate the di¤erentiability (at least in the Gateaux sense) of the elastic energy term Eðw; wÞ with respect to w, we recall the following fact. 
because, by definition, WðwÞsðwÞ ¼ YðwÞ 0 and YðwÞ ¼ ÀC log WðwÞ. We define
Note that we cannot say more than that Lðh 0 Þ A W 1; r 2p , even when h A C y .
The functional Eðw; wÞ is Gateaux-di¤erentiable with respect to w at ðw 0 ; w 0 Þ in the direction h if, in the notation of (4.4) and (4.5), It is well known [6] , [9] that when U A H p C for any p > 0, then
Uðre it Þ exists for almost all t and if, for some q A ð0; yÞ, uðtÞ dt þ ia ¼ Uð0Þ: 
Now we turn to our proof. Since w 
where l 0 :¼ ½'I 0 . Therefore, integrating by parts yields
where
By Lemma 4.3 there is no Lagrange multiplier at w 0 associated with the constraint ½log WðwÞ ¼ 0. Now, for any h A H Next, with a direct calculation, one can see that the kth derivative of $ðs 0 Þ with respect to t is a polynomial involving the derivatives of $ at s 0 of order e k, and the derivatives of s 0 at t of order e k. Since $ A C k , and by (4.28), the kth derivative of $ðs 0 Þ is bounded. By the Euler equation Proof. We know that 0 < C e w 0 0 ðtÞ e C 0 for all t, for some constants C, C 0 . The kth derivatives of the inverse di¤eomorphism w À1 0 ðxÞ is a finite sum of terms, each of which is a quotient where the numerator is a polynomial in the derivatives of w 0 ðtÞ of order e k, the denominator is an integer power of w 
The dynamic boundary condition: Riemann-Hilbert theory
We now prove Theorem 2.4(f). In other words, we show that maximizing J 0 leads to the dynamic boundary condition of the physical problem. Recall that the pressure at the free surface in terms of the Lagrangian coordinate x of material points in the reference configuration of the surface membrane is given by (1.3b). When rewritten as a function of the conformal variable t, that formula for pressure becomes
where W 0 ¼ W 0 ðtÞ etc., and here 0 is the derivative with respect to t.
The purpose of this section is to derive this formula for the pressure at the free surface from the Euler-Lagrange equations (4.11) and (4.6) (more precisely (4.26)) which, as we have shown, are satisfied by a maximizer of J 0 . To do so, we interpret (4.11) as a Riemann-Hilbert problem in the manner of [13] . (We are unaware of any direct manipulation pointwise of (4.11) that leads to (5.1).)
We begin with a special case of a result in [14] , and include a short proof for the sake of completeness. 
C is real on the unit circle. Hence it is real on the whole unit disc, by Poisson's integral formula. Hence, by the Cauchy-Riemann equations, UW 1 b for some real constant b. Since, at the origin,
(ii) ) (i). We consider the holomorphic function V :¼ a=W A H y C , and denote v :¼ Re V Ã . Since V ð0Þ ¼ a=W ð0Þ ¼ Àia, on the unit circle
On the other hand, (ii) implies that where UðzÞ is the holomorphic function of the unit disc such that U Ã ¼ u þ iCu, and W has been defined in (4.12). The eight terms involving Q simply cancel by pairs. Now we note that for all b A ð1; yÞ. In particular, in the case when E is of class C 2 , the pressure belongs to W 
